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Abstract
Let f  : A  →  B  be a ring homomorphism, J  be an ideal of B. In this paper, we investigate the finite conductor property that the
amalgamation A   fJ  might inherit from the ring A for some classes of ideals J  and homomorphisms f. Our results generate original
examples which enrich the current literature with new families of examples of non-coherent finite conductor rings.
© 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of Taibah University. This is an open access article under
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
MSC: 13D05; 13D02
Keywords: Amalgamated algebra; Amalgamated duplication; Finite conductor ring1.  Introduction
Throughout this paper, all rings are commutative with
identity element, and all modules are unitary.
Let A  and B  be two rings, let J  be an ideal of B  and
let f  : A  →  B be a ring homomorphism. In this setting, we
can consider the following subring of A  ×  B:
Af J  =  {(a,  f  (a) +  j)/a  ∈  A,  j  ∈  J}
called the amalgamation of A  with B  along J  with respect
to f (introduced and studied by D’Anna, Finocchiaro, and
Fontana in [1,2]). This construction is a generalization
of the amalgamated duplication of a ring along an ideal∗ Corresponding author. Tel.: +212 535645364.
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and denoted by A    I). Moreover, other classical con-
structions (such as the A  + XB[X], A  + XB[[X]], and the
D + M  constructions) can be studied as particular cases
of the amalgamation [1, Examples 2.5 and 2.6] and other
classical constructions, such as the Nagata’s idealization
and the CPI extensions (in the sense of Boisen and Shel-
don [6]) are strictly related to it (see [1, Example 2.7 and
Remark 2.8]).
Let R  be a commutative ring. For a nonnegative inte-
ger n, an R-module E  is called n-presented if there is an
exact sequence of R-modules:
Fn →  Fn−1 →  · · ·F1 →  F0 →  E  →  0 (1)
where each Fi is a finitely generated free R-module. In
particular, 0-presented and 1-presented R-modules are,
respectively, finitely generated and finitely presented R-
modules.behalf of Taibah University. This is an open access article under the
An ideal I  of R  is called n-generated ideal if I  can
be generated by n-elements. Glaz [7] extended the def-
inition of a finite conductor domains to rings with zero
divisors. A ring R is called finite conductor if (0 : a) and
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all i  ∈  {1, . .  .  m}. We claim that IfK  =∑i=n
i=1(Af J)(ai,  f (ai)) +
∑i=m
i=1 (Af J)(0,  ki).
Indeed,
∑i=n
i=1(Af J)(ai, f  (ai)) +
∑i=m
i=1 (Af J)
(0, ki) ⊆  IfK  since (ai, f(ai)) ∈  I   fK  for all
fK.A. Ismaili, N. Mahdou / Journal of Ta
R  ∩ cR  are finitely generated ideals of R  for any finite
et of elements a and b, c  of R  (see [7–9]). Also, Glaz
hows that R  is a finite conductor ring if and only if each
-generated ideal of R  is a finitely presented ideal of R
7, Proposition 2.1].
A ring R  is coherent if every finitely generated ideal
f R  is finitely presented; equivalently, if (0 : a) and I  ∩  J
re finitely generated for every a  ∈  R  and any two finitely
enerated ideals I  and J of R.
In this paper, we characterize A   fJ  to be finite
onductor ring for some classes of ideals J and
omomorphisms f. Thereby, new examples are pro-
ided which, particularly, enriches the current literature
ith new classes of non-coherent finite conductor
ings.
.  Main  results
Next, before we announce the main result of this
ection (Theorem 2.1), it is worthwhile recalling that
he function fn : An →  Bn defined by fn((αi)i=ni=1) =
f (αi))i=ni=1 is a ring isomorphism, (Af J)
n ∼= AnfnJn
nd fn(αa) = f(α)fn(a) for all α  ∈  A  and a ∈  An (see [10]).
The first main result of this section (Theorem 2.1)
tudies the transfer of the property of finite conductor to
he amalgamated algebra. Our objective is to generate
ew and original examples to enrich the current litera-
ure with new families of non-coherent finite conductor
ings.
heorem 2.1.  Let  (A, M) be  a local  ring,  f : A  →  B  be
 ring  homomorphism,  and  let  J  be  a  proper  ideal  of  B.
1) If  A   fJ  is  a ﬁnite  conductor  ring,  then  so  is  A.
2) Assume  that  f(M)J  = 0 and  J ⊆  Rad(B).  Then  the  fol-
lowing are  equivalent:
(a) A   fJ  is  a  ﬁnite  conductor  ring.
(b) A  is  a  ﬁnite  conductor  ring,  M  and  Ma  ∩  Mb  are
ﬁnitely generated  ideals  of  A  for  all  a, b  ∈  M,  and
J and  Jk  ∩  Jl  and  (0 : k) ∩  J  are  ﬁnitely  generated
ideals  of  f(A) + J  for  all  k, l ∈ J.
(c) M  and  (0 : a) and  Ma  ∩  Mb  are  ﬁnitely  generated
ideals  of  A  for  all  a, b ∈  M,  and  J  and  Jk  ∩  Jl and
(0 : k) ∩  J are  ﬁnitely  generated  ideals  of  f(A) + J
for all  k, l ∈  J.
3) Assume  that  A  is  a domain,  J2 = 0 and  f(M)J  = 0.
(a) If  A   fJ is  a  ﬁnite  conductor  ring,  then  A  is  aﬁnite conductor  ring,  M  and  J  are  ﬁnitely  gen-
erated ideals  of  A  and  f(A) + J respectively.
(b) Assume  that  f(A) + J  = B.  Then  A   fJ  is  a  ﬁnite
conductor  ring  if  and  only  if  A  is  a  ﬁniteniversity for Science 9 (2015) 332–339 333
conductor  ring,  M  and  J are  ﬁnitely  generated
ideals  of  A and  f(A) + J respectively.
The proof of this Theorem draws on the following
results.
Lemma 2.2.  Let  f : A  →  B  be  a  ring  homomorphism,
and J  be  an  ideal  of  B.  Let  I  and  K  two  ideals  of  A  and
B respectively  such  that  K ⊆  J.
(1) Assume  that  f(I)J  ⊆  K.  Then:
(a) I   fK  = {(i, f(i) + k)/i  ∈  I, k  ∈  K}  is  an  ideal  of
A  fJ.
(b) If  I  is  a ﬁnitely  generated  ideal  of  A  and  K  is  a
ﬁnitely generated  ideal  of  f(A) + J,  then  I  fK  is
a ﬁnitely  generated  ideal  of  A  fJ.
(2) Assume  that  f(I) ⊆  K.  Then  I   fK  is a  ﬁnitely  gen-
erated  ideal  of A  fJ  if  and  only  if  I is  a  ﬁnitely
generated ideal  of  A  and  K  is  a  ﬁnitely  generated
ideal of  f(A) + J.
(3) Assume  that  (A, M) is  a  local  ring  and  f(M)J  = 0.
Then I   fK  is  a ﬁnitely  generated  ideal  of  A  fJ if
and only  if  I  is  a  ﬁnitely  generated  ideal  of  A  and  K
is a  ﬁnitely  generated  ideal  of  f(A) + J.
Proof. (1)
(a) It is clear that I   fK  is an ideal of A   fJ  since
(1) (i, f(i) + k) + (i′, f(i′) + k′) = (i  + i′, f(i  + i′) +
(k + k′)) ∈  I  fK  for all (i, f(i) + k), (i′,
f(i′) + k′) ∈  I   fK.
(2) (a, f(a) + j)(i, f(i) + k) = (ai, f(i)(f(a) + j) + k(f(a) +
j)) = (ai, f(ai) + jf(i) + k(f(a) + j)) ∈  I   fK (since
f(I)J ⊆  K) for all (a, f(a) + j) ∈ A   fJ, (i,
f(i) + k) ∈ I   fK.
(b) Assume that I  :=∑i=ni=1Aai is a finitely gen-
erated ideal of A, where ai ∈ I  for all i  ∈ {1,
. .  . n}  and K  :=∑i=mi=1 (f  (A) +  J)ki is a finitely
generated ideal of (f(A) + J), where ki ∈  K  fori ∈ {1, . . .  n}  and (0, ki) ∈  I   K  for all i  ∈ {1, .  . .  m}.
Conversely, let (i, f(i) + k) ∈  I   fK, where i ∈ I and
k ∈  K. Hence, i =∑i=ni=1αiai ∈ I, for some αi ∈ A
(i ∈  {1, .  . .  n}) and k  =∑i=mi=1 (f  (βi) +  ji)ki ∈  K,
ibah U
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for some βi ∈  A  and ji ∈ J  (i  ∈  {1, . .  . m}). We obtain
(i,  f  (i) +  k) =
(
i=n∑
i=1
αiai,
i=n∑
i=1
f  (αi)f  (ai)
)
+
(
0,
i=m∑
i=1
(f  (βi) +  ji)ki
)
=
i=n∑
i=1
(αi, f  (αi))(ai,  f  (ai))
+
i=m∑
i=1
(βi, f  (βi) +  ji)(0,  ki).
Consequently, (i,  f  (i) +  k) ∈∑i=ni=1(Af J)
(ai,  f  (ai)) +
∑i=m
i=1 (Af J)(0,  ki) since (αi,
f(αi)) ∈  (A  fJ) for all i ∈  {1, . . . n}  and (βi,
f(βi) + ji) ∈  A   fJ  for all i ∈  {1, . .  .  m}  and
hence IfK  =∑i=ni=1(Af J)(ai, f  (ai)) +∑i=m
i=1 (Af J)(0,  ki) is a finitely generated
ideal of (A   fJ).
(2)  Assume that f(I) ⊆  K. If I  is a finitely gen-
erated ideal of A  and K  is a finitely generated
ideal of f(A) + J, then I  fK  is a finitely gen-
erated ideal of A   fJ  by (1) (b). Conversely,
assume that IfK  :=∑i=ni=1(Af J)(ai,  f  (ai) +  ki)
is a finitely generated ideal of (A   fJ), where,
ai ∈  I  and ki ∈  K  for all 1 ≤  i ≤  n. It is clear that
I =∑i=ni=1Aai. On the other hand, we claim that
K =∑i=ni=1(f  (A) +  J)(f  (ai) +  ki). Indeed, let k ∈  K.
Then (0,  k) =∑i=ni=1(αi, f  (αi) +  ji)(ai, f  (ai) +  ki)
for some αi ∈  A  and ji ∈  J. So k  =
∑i=n
i=1(f  (αi) +
ji)(f  (ai) +  ki) ∈
∑i=n
i=1(f  (A) +  J)(f  (ai) +  ki). Thus
K ⊆∑i=ni=1(f  (A) +  J)(f  (ai) +  ki). But f(ai) ∈  K  for
all i  = 1, . .  . n  since f(I) ⊆  K. Hence, (f(ai) + ki) ∈  K
for all i and so
∑i=n
i=1(f  (A) +  J)(f  (ai) +  ki) ⊆  K.
Therefore, K  =∑i=ni=1(f  (A) +  J)(f  (ai) +  ki) is a
finitely generated ideal of (f(A) + J).
(3) Assume that (A, M) is a local ring and
f(M)J = 0. It remains to show that if IfK  :=∑i=n
i=1(Af J)(ai, f  (ai) +  ki) is a finitely generated ideal
of A   fJ, where, ai ∈  I  and ki ∈ K  for all 1 ≤  i ≤  n, then
K =∑i=ni=1(f  (A) +  J)ki is a finitely generated ideal of
(f(A) + J). Clearly, ∑i=n(f  (A) +  J)k ⊆  K. Let k ∈  K.i=1 i
Then (0,  k) =∑i=ni=1(αi, f  (αi) +  ji)(ai,  f  (ai) +  ki).
So,
∑i=n
i=1αiai =  0, and k  =
∑i=n
i=1(f  (αi) +  ji)(f  (ai) +
ki) =
∑i=n
i=1(f  (αi) +  ji)ki ∈
∑i=n
i=1(f  (A) +  J)ki (sinceniversity for Science 9 (2015) 332–339
ai ∈ M  for all i  = 1, . . ., n). Therefore, K =∑i=n
i=1(f  (A) +  J)ki, as desired. 
Lemma 2.3.  Let  f : A  →  B  be  a ring  homomorphism
and  J  be  a  proper  ideal  of  B  such  that  J ⊆  Nil(B),  then
U(A  fJ) = U(A)  fJ.
Proof. It is readily seen that U(A   fJ) ⊆  U(A)  fJ.
Conversely, let c  : = (a, f(a) + k), where a  ∈  U(A),
k ∈ J. Then c  : = (a, f(a) + k) = (a, f(a))(1,
1 + kf(a−1)). Set x : = −  kf(a−1) ∈ J. Then xn = 0
for some non-zero positive integer n. Hence,
1 = 1 −  xn = (1 −  x)(1 + x  + · ·  · + xn−1).
Set l  : = x  + ·  · ·  + xn−1 ∈  J. Then:
(a−1,  f (a−1) +  lf (a−1))c  =  (a−1,  f (a−1))(1,  1 +  l)c
= (1,  1 +  l)(1,  1 − x)
=  (1,  (1 −  x)(1 +  l))
= (1,  1).
Therefore, c  ∈  U(A   fJ). So U(A)  fJ ⊆  U(A   fJ) and
then U(A   fJ) = U(A)  fJ, as desired. 
Lemma 2.4.  Let  f : A →  B be  a ring  homomorphism,
J be  a  proper  ideal  of  B,  and  let  a, b  ∈  A.  If  A   fJ(a,
f(a)) ∩  A   fJ(b, f(b)) is  a ﬁnitely  generated  ideal  of
A  fJ, then  Aa  ∩  Ab  is  a  ﬁnitely  generated  ideal  of  A.
Proof. Let a, b  ∈  A, and assume that Af J(a,  f  (a)) ∩
Af J(b,  f  (b)) =∑i=ni=1Af J(ai,  f (ai) +  ki), where
ai ∈ A, ki ∈ J.
Set x :=∑i=ni=1αiai ∈∑i=ni=1Aai and k :=∑i=n
i=1f  (αi)ki ∈  J . We obtain:
(x,  f (x) +  k) =
i=n∑
i=1
(αiai,  f (αiai) +  f  (αi)ki)
=
i=n∑
i=1
(αiai,  f (αi)(f  (ai) +  ki))
=
i=n∑
i=1
(αi, f  (αi))(ai,  (f  (ai) +  ki)
∑
Hence (x, f(x) + k) = (α, f(α) + j)(a, f(a)) = (β, f(β) + g)(b,
f(b)) for some α, β  ∈  A  and j, g  ∈  J. Therefore,
x = αa  = βb  ∈  Aa  ∩  Ab  and so ∑i=ni=1Aai ⊆  Aa  ∩  Ab.
Conversely, let x = αa  = βb  ∈  Aa  ∩  Ab  for some α, β  ∈ A.
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One can easily check that:
x,  f  (x)) =  (αa,  f  (α)f  (a))
= (α,  f  (α))(a,  f  (a)) ∈  Af J(a,  f  (a))
=  (βb,  f  (β)f  (b))
= (β,  f  (β))(b,  f  (b)) ∈  Af J(b,  f  (b))
hen, (x, f(x)) ∈  A   fJ(a, f(a)) ∩  A   fJ(b, f(b)). Hence,
x, f  (x)) =∑i=ni=1(αi,  f  (αi) +  ji)(ai,  (f  (ai) +  ki),
here (αi, f(αi) + ji) ∈  A   fJ  for all i  = 1, .  . .,
. Therefore, x  =∑i=ni=1αiai ∈∑i=ni=1Aai. so,
a ∩  Ab  ⊆∑i=ni=1Aai and then Aa  ∩  Ab  =∑i=ni=1Aai
s a finitely generated ideal of A, as desired. 
emma 2.5.  Let  (A, M) be  a  local  ring,  f : A  →  B  be  a
ing homomorphism,  and  let  J  be  a  proper  ideal  of  B.
1) If  (0 : c) is  a  ﬁnitely  generated  ideal  of  A   fJ  for  each
c ∈  A   fJ,  then  (0 : a) is  a ﬁnitely  generated  ideal  of
A for  each  a ∈  A.
2) Assume  that  J ⊆  Rad(B) and  f(M)J  = 0.  Then  (0 : c) is
a ﬁnitely  generated  ideal  of  A   fJ  for  each  c ∈  A   fJ
if and  only  if  M  and  (0 : a) are  ﬁnitely  generated
ideals  of A  for  each  a  ∈  A,  and  J and  (0 : k) ∩  J are
ﬁnitely generated  ideals  of  f(A) + J for  each  k  ∈  J.
roof. Before proving this lemma, it is neces-
ary to check that U(A   fJ) = (A  \  M)  fJ. Indeed, by
2, Proposition 2.6 (5)], Max(Af J) =  {mf J/m  ∈
ax(A)} ∪  {Q}  with Q  ∈ Max(B) not containing V(J)
nd Q  :=  {(a,  f  (a) +  j)/a  ∈ A,  j  ∈  J,  f  (a) +  j  ∈  Q}.
ince J ⊆  Rad(B), then J ⊆  Q  for all Q  ∈  Max(B). So,
ax(A  fJ) = {m   fJ/m  ∈ Max(A)}  = M   fJ  since (A,
) is a local ring. Therefore (A   fJ, M   fJ) is a local
ing. Thus, U(A   fJ) = (A   fJ) \  (M   fJ) = (A  \  M)  fJ.
1) Assume that (0 : c) is a finitely generated ideal of
A  fJ  for each c  ∈  A   fJ. Let a ∈  M  (if a  /∈  M, then
(0 : a) = 0) and set c : = (a, f(a)) ∈  A   fJ. One can
easily check that:(0 : c) = {(α, f (α) + j) ∈ Af J/(α, f (α) + j)(a, f (a)) = 0}
= {(α, f (α) + j) ∈ Af J/αa = 0, (f (α) + j)f (a) = 0}
= {(α, f (α) + j) ∈ Af J/αa = 0, jf (a) = 0}
= {(α, f (α) + j) ∈ Af J/α ∈ (0 : a), j ∈ (0 : f (a))}
= (0 : a)f ((0 : f (a)) ∩ J).niversity for Science 9 (2015) 332–339 335
Since (0 : c) is a finitely generated ideal of A  fJ,
then (0 : a) is a finitely generated ideal of A.
(2) Assume that J  ⊆  Rad(B), and f(M)J  = 0, and
assume that (0 : c) is a finitely generated
ideal of A  fJ for each c  ∈ A   fJ, then (0 : a)
is a finitely generated ideal of A  for each
a ∈  A by (1). Let k ∈  J  and set c1 : = (0, k),
c2 : = (a, f(a)) /=  0 ∈  M   fJ. Then (0 : c1) = {(α,
f(α) + j) ∈  A  fJ/(f(α) + j)k  = 0}  = M   f((0 : k) ∩  J)
and (0 : c2) = {(α, f(α) + j) ∈  A  fJ/αa  = 0,
(f(α) + j)f(a) = 0}  = (0 : a)  fJ. So M  is a finitely
generated ideal of A, and J  and (0 : k) ∩  J  are
finitely generated ideals of f(A) + J  by Lemma
2.2 (4) since (0 : c1) and (0 : c2) are finitely gen-
erated ideals of A  fJ. Conversely, Let c  : = (a,
f(a) + k) /=  0 ∈ A   fJ, where a  ∈ M, k  ∈  J  (If a /∈  M
then c is invertible, and so (0 : c) = 0). Then:
(0 : c) = {(α, f (α) + j) ∈ Af J/(α, f (α) + j)
× (a, f (a) + k) = 0}
= {(α, f (α) + j) ∈ Af J/αa
= 0, (f (α) + j)(f (a) + k) = 0}
= {(α, f (α) + j) ∈ Af J/α ∈ (0 : a) ⊂ M,  jk = 0}
= {(α, f (α) + j) ∈ Af J/α ∈ (0 : a), j ∈ (0 : k)}
= (0 : a)f ((0 : k) ∩ J).
Clearly, if a  = 0, then (0 : c) = {(α,
f(α) + j) ∈  A  fJ/(f(α) + j)k  = 0}  = M   f((0 : k) ∩  J)
which is a finitely generated ideal of A   fJ since
M and (0 : k) ∩  J  are finitely generated ideals of
A and f(A) + J respectively by Lemma 2.2 (4). If
k = 0, then (0 : c) = {(α, f(α) + j) ∈  A   fJ/αa  = 0,
(f(α) + j)f(a) = 0}  = (0 : a)  fJ which is a finitely
generated ideal of A   fJ since (0 : a) and J are
finitely generated ideals of A and f(A) + J respec-
tively by Lemma 2.2 (4). If a  /=  0, k /=  0, then
(0 : c) = (0 : a)  f((0 : k) ∩  J) is a finitely generated
ideal of A   fJ  since (0 : a) and (0 : k) ∩  J  are finitely
generated ideals of A  and f(A) + J  respectively by
Lemma 2.2 (4), as desired. 
Lemma 2.6.  Let  (A, M) be  a  local  ring,  f  : A  →  B  be  a
ring homomorphism,  and  let  J  be  a proper  ideal  of  B and
a, b  ∈  M, k, l ∈  J.  Assume  that  J  ⊆ Rad(B) and  f(M)J  = 0.
Then:(1) A   fJ(a, f(a) + k) ∩  A   fJ(b, f(b) + l) = (Ma  ∩  Mb)
 f(Jk  ∩  Jl).
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(2) A   fJ(a, f(a) + k) ∩  A   fJ(b, f(b) + l) is  a  ﬁnitely  gen-
erated  ideal  of  A   fJ if  and  only  if  Ma  ∩  Mb  and
Jk ∩  Jl  are  ﬁnitely  generated  ideals  of  A  and  f(A) + J
respectively.
Proof.
(1) Let K  = A   fJ(a, f(a) + k) ∩  A   fJ(b, f(b) + l), where
a, b ∈  M, k, l ∈  J. Our aim is to show that K  is a
finitely generated ideal of A   fJ. We may sup-
pose that K   A   fJ(a, f(a) + k) and K   A   fJ(b,
f(b) + l). Let (x, f(x) + j) ∈  K. Then, there exists
α1, α2 ∈  A, j1, j2 ∈  J  such that (x, f(x) + j) = (α1,
f(α1) + j1)(a, f(a) + k) = (α2, f(α2) + j2)(b, f(b) + l).
We claim that α1, α2 ∈ M. Otherwise, assume that
α1 is invertible in A, then (α1, f(α1) + j1) is invertible
in A   fJ. Hence (a, f(a) + k) = (α1, f(α1) + j1)−1(x,
f(x) + j) ∈  K. Then A   fJ(a, f(a) + k) ⊆  K  ⊂  A   fJ(a,
f(a) + k). Therefore K  = A   fJ(a, f(a) + k), a con-
tradiction. Then α1, α2 ∈ M, and then (x, f(x) + j) =
(α1a, f(α1a) + j1k) = (α2b, f(α2b) + j2l) ∈  (Ma  ∩
Mb)  f(Jk  ∩  Jl). Then K  ⊆  (Ma  ∩  Mb)  f(Jk  ∩  Jl).
Let y  : = (m1a, f(m1a) + j1k) = (m2b, f(m2b) + j2l) ∈
(Ma ∩  Mb)  f(Jk  ∩  Jl), where m1, m2 ∈  M, j1, j2 ∈  J.
Then
y = (m1, f (m1) + j1)(a, f (a) + k) ∈ Af J(a, f (a) + k)
= (m2, f (m2) + j2)(b, f (b) + l) ∈ Af J(b, f (b) + l)
Then, y ∈  K. Therefore, K  = (Ma  ∩  Mb)  f(Jk  ∩  Jl).
(2) By (1), A   fJ(a, f(a) + k) ∩  A   fJ(b,
f(b) + l) = (Ma  ∩  Mb)  f(Jk  ∩  Jl). So, A   fJ(a,
f(a) + k) ∩  A  fJ(b, f(b) + l) is a finitely generated
ideal of A   fJ  if and only if Ma  ∩  Mb  and Jk  ∩  Jl
are finitely generated ideals of A  and f(A) + J
respectively by Lemma 2.2 (4), as desired. 
Lemma 2.7.  Let  (A, M) be  a local  ring  such  that
its maximal  ideal  M  contains  a  regular  element  a,
f : A  →  B  be  a  ring  homomorphism,  and  let  J  be  a
proper ideal  of  B  such  that  f(M)J  = 0,  and  J2 = 0.  Then
A  fJ(a, f(a) + k) ∩  A   fJ(a, f(a) + l) = M   fJ(a, f(a)) for
each k /=  l ∈  J.
Proof.  Let k /=  l ∈  J. Assume (α, f(α) + j)(a,
f(a) + k) = (β, f(β) + g)(a, f(a) + l) ∈  A   fJ(a,
ff(a) + k) ∩  A   J(a, f(a) + l), where (α, f(α) + j), (β,
f(β) + g) ∈  A   fJ. Then αa  = βa  and kf(α) = lf(β)
(since a ∈  M). Therefore, α  = β since a  is a regu-
lar element. So f(α)(k  −  l) = 0, hence α  ∈ M  sinceniversity for Science 9 (2015) 332–339
k  −  l  /=  0 (otherwise, α /∈  M  implies f(α) is invertible
and then k  = l, absurd). Therefore, (α, f(α) + j)(a,
f(a) + k) = (α, f(α) + j)(a, f(a)) ∈  M   fJ(a, f(a)). Con-
versely, let (m, f(m) + j)(a, f(a)) ∈  M   fJ(a, f(a)),
where m  ∈  M, j  ∈  J. Clearly, (m, f(m) + j)(a, f(a)) = (m,
f(m) + j)(a, f(a) + k) = (m, f(m) + j)(a, f(a) + l) ∈ A  fJ(a,
f(a) + k) ∩  A   fJ(a, f(a) + l). Therefore, M   fJ(a,
f(a)) ⊆  A   fJ(a, f(a) + k) ∩  A   fJ(a, f(a) + l) and then
A  fJ(a, f(a) + k) ∩  A  fJ(a, f(a) + l) = M   fJ(a, f(a)). 
Lemma 2.8.  Let  (A, M) be  a local  domain,  f  : A  →  B be
a ring  homomorphism,  and  let  J be  a  proper  ideal  of  B,
and a, b  ∈  A, k, l  ∈ J.  Assume  that  f(M)J  = 0, J2 = 0, and
f(A) + J = B  and  M  and  J  are  ﬁnitely  generated  ideals  of  A
and f(A) + J respectively.  If  Aa  ∩  Ab  is  a  ﬁnitely  generated
ideal of  A,  then  A   fJ(a, f(a) + k) ∩  A   fJ(b, f(b) + l) is a
ﬁnitely generated  ideal  of  A   fJ.
Proof. Assume that Aa  ∩  Ab  is a finitely generated
ideal of A where a, b  ∈ A, and let I = A   fJ(a, f(a) + k),
K = A   fJ(b, f(b) + l) be two principal proper ideals of
A  fJ, where k, l  ∈  J. Our aim is to show that I ∩  K
is a finitely generated ideal of A   fJ. Three cases are
possible.
Case 1. a = b  = 0. Two cases are then possible:
If k  and l are not comparable. Assume (α, f(α) + j)(0,
k) = (β, f(β) + g)(0, l) ∈  A   fJ(0, k) ∩  A   fJ(0, l), where
(α, f(α) + j), (β, f(β) + g) ∈ A   fJ. Then f(α)k  = f(β)l  = 0,
since α  ∈ M  (otherwise, α  /∈  M implies f(α) is invertible
and then k  = f(α−1β)l, absurd since k  and l are not com-
parable). Therefore, A   fJ(0, k) ∩  A  fJ(0, l) = 0 which
is a finitely generated ideal of A   fJ.
If k and l are comparable. Assume for example
that k = (f(γ) + g)l, where γ ∈ A, g  ∈ J. Then (0, k) = (0,
f(γ)l) = (γ , f(γ))(0, l) ∈  A   fJ(0, l) and so A   fJ(0,
k) ∩  A  fJ(0, l) = A  fJ(0, k), as desired.
Case 2. a and b are comparable. Assume for example
that a  = cb, where c  ∈ A. Two cases are then possible:
If c  ∈  M, we show that I  ∩  K  is a finitely generated
ideal of A  fJ. Indeed, let (α, f(α) + j)(a, f(a) + k) = (β,
f(β) + g)(b, f(b) + l) ∈ A   fJ(a, f(a) + k) ∩  A   fJ(b,
f(b) + l), where (α, f(α) + j), (β, f(β) + g) ∈ A   fJ. Then,
αa = βb  = αbc  and f(α)k  = f(β)l  since a, b  ∈  M. But,
βb = αbc, then β = αc  ∈  M  since A  is a domain. There-
fore, f(α)k  = f(β)l  = 0. Two cases are then possible: k = 0
or k  /=  0.
Assume that k = 0. Let (α, f(α) + j)(a, f(a)) ∈  A   fJ(a,
f(a)). Then (α, f(α) + j)(a, f(a)) = (α, f(α) + j)(bc,
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Hence, I ∩  K  = i=ni=1Af J(ai,  f (ai)) which is a
finitely generated ideal of A   fJ. 
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(b)f(c)) = (α, f(α))(bc, f(b)f(c)) = (αc, f(αc))(b,
(b)) = (αc, f(αc))(b, f(b) + k) since αc  ∈  M. Then
  fJ(a, f(a)) ⊆  A   fJ(b, f(b) + k). Therefore A   fJ(a,
(a)) ∩  A   f(b, f(b) + k) = A   fJ(a, f(a)) which is a
nitely generated ideal of A   fJ.
Assume that k /= 0, then α  ∈ M  (if α  /∈  M, then f(α) is
nvertible and so k = 0, absurd). Therefore, (α, f(α) + j)(a,
(a) + k) = (αa, f(α)f(a)) = (α, f(α))(a, f(a)) ∈  M   fJ(a,
(a)) since α  ∈  M. Conversely, let (m, f(m) + j)(a,
(a)) ∈  M   fJ(a, f(a)), where m  ∈  M, j ∈  J. Then:
(m,  f  (m) +  j)(a,  f  (a))
= (m,  f  (m))(a,  f  (a)) =  (m,  f  (m))(a,  f  (a) +  k))
= (m,  f  (m))(bc,  f  (bc)) =  (mc,  f  (mc))(b,  f  (b))
= (mc,  f  (mc))(b,  f  (b) +  l) ∈  Af J(a,  f  (a) +  k)
∩Af J(b,  f  (b) +  l)
o A   fJ(a, f(a) + k) ∩  A   fJ(b, f(b) + l) = M   fJ(a,
(a)). By hypothesis M  and J are finitely generated
deals of A  and f(A) + J  respectively, then Mf J  =
i=n
i=1Af J(mi,  f  (mi) +  li) is a finitely generated
deal of A   fJ  by Lemma 2.2 (4), where mi ∈  M, li ∈  J.
ence, Mf J(a,  f  (a)) =∑i=ni=1Af J(mi,  f  (mi) +
i)(a,  f  (a)) =
∑i=n
i=1Af J(mia,  f  (mia)). Therefore,
 ∩  K  is a finitely generated ideal of A   fJ.
If c  /∈  M, then c  is invertible. Then A   fJ(a, f(a) + k) =
  fJ(bc, f(bc) + k) = A   fJ(bc, f(c)(f(b) + kf(c−1)) =
  fJ(b, f(b) + kf(c−1))(c, f(c)) = A   fJ(b, f(b) + kf(c−1))
ince (c, f(c)) is invertible in A   fJ  by Lemma 2.3
since J2 = 0 implies J  ⊆  Nil(B)). Then A   fJ(a, f(a) +
) ∩  A   fJ(b, f(b) + l) = A   fJ(b, f(b) + kf(c−1)) ∩
  fJ(b, f(b) + l) = M   fJ(b, f(b)) by Lemma 2.7, which
s a finitely generated ideal of A   fJ  since M  and J  are
nitely generated ideals of A  and f(A) + J  respectively
y Lemma 2.2 (4).
Case  3. a and b  are not comparable.
By hypothesis Aa  ∩  Ab  =∑i=ni=1Aai, where
i ∈  Aa  ∩  Ab, so ai = xia = yib, where xi, yi ∈  A.
e claim that xi, yi ∈  M  for each i = 1, .  . ., n.
ndeed, otherwise there is j  = 1, . .  ., n  such that
j /∈  M. So, xj  is invertible and then Aaj = Axja = Aa.
ence, Aa  =  Aaj ⊂
∑i=n
i=1Aai =  Aa  ∩  Ab  ⊂  Ab
nd then a  ∈  Ab, which is a contradiction since a
nd b  are non comparable. Hence xi, yi ∈  M  for
ll i = 1, .  .  ., n. Let (α, f(α) + j)(a, f(a) + k) = (β,
(β) + g)(b, f(b) + l) ∈  A   fJ(a, f(a) + k) ∩  A   fJ(b,
(b) + l), where (α, f(α) + j), (β, f(β) + g) ∈  A   fJ. Then,niversity for Science 9 (2015) 332–339 337
αa  =  βb  ∈ Aa  ∩  Ab  =∑i=ni=1Aai =  a∑i=ni=1Axi. So,
α =∑i=ni=1αixi ∈  M, where αi ∈ A. We obtain:
(α,  f (α) +  j)(a,  f  (a) +  k) =  (αa,  f (α)f  (a))
=
(
a
i=n∑
i=1
αixi, f (a)
i=n∑
i=1
f  (αi)f  (xi)
)
=
i=n∑
i=1
(αi, f (αi))(axi,  f (a)f  (xi))
=
i=n∑
i=1
(αi, f (αi))(ai,  f  (ai)) ∈
i=n∑
i=1
Af J(ai,  f  (ai))
So, Af J(a,  f  (a) +  k) ∩  Af J(b,  f  (b) +  l) ⊆∑i=n
i=1Af J(ai, f (ai)). Conversely, let
∑i=n
i=1
(αi,  f (αi) +  ki)(ai, f  (ai)) ∈
∑i=n
i=1Af J(ai,  f (ai)),
where (αi, f(αi) + ki) ∈  A   fJ  for each i = 1, .  .  ., n. Then:
i=n∑
i=1
(αi,  f  (αi) +  ki)(ai, f (ai))
=
i=n∑
i=1
(αiai,  f (αi)f  (ai))
=
i=n∑
i=1
(αixia,  f (αi)f  (xi)f  (a))
=
(
i=n∑
i=1
(αixi, f  (αixi))
)
(a,  f (a) +  k))
=
i=n∑
i=1
(αiyib,  f (αi)f  (yi)f  (b))
=
(
i=n∑
i=1
(αiyi, f  (αiyi))
)
(b,  f (b) +  l)
∈ Af J(a,  f (a) +  k) ∩  Af J(b,  f (b) +  l).
∑(1) Follows immediately from Lemma 2.4 and Lemma
2.5 (1).
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(2) (a) ⇒  (b): By (1) and Lemma 2.5 (2) and
Lemma 2.6 (2).
(b) ⇒  (c): Clear.
(c) ⇒  (a): By Lemma 2.5 (2) and Lemma 2.6
(2).
(3) (a) Follows immediately from (1) and Lemma 2.5
(2).
(b) Follows immediately from (3) (a) and Lemma
2.8, to complete the proof of the Theorem 2.1
.
The following Corollaries are an immediate conse-
quence of Theorem 2.1.
Corollary  2.9.  Let  (A, M) be  a local  ring,  f : A  →  B  be
a ring  homomorphism,  and  let  J be  a  proper  ideal  of  B.
(1) If  A   fJ  is  a  ﬁnite  conductor  ring,  then  so  is  A.
(2) Assume  that  f(M)J  = 0 and  J2 = 0.
(a) The  following  are  equivalent:
(i) A   fJ  is  a  ﬁnite  conductor  ring.
(ii) A  is  a  ﬁnite  conductor  ring,  M  and  Ma  ∩  Mb
are ﬁnitely  generated  ideals  of  A  for  all  a,
b ∈  M,  and  J is  a  ﬁnitely  generated  ideal  of
f(A) + J.
(iii) M  and  (0 : a) and  Ma  ∩  Mb  are  ﬁnitely  gen-
erated  ideals  of  A  for  all  a, b  ∈  M,  and  J is
a ﬁnitely  generated  ideal  of  f(A) + J.
(b) Assume  that  M  is  a  principal  ideal  of  A.  Then
the following  are  equivalent:
(i) A   fJ is  a ﬁnite  conductor  ring.
(ii) A  is  a ﬁnite  conductor  ring,  and  J is  a  ﬁnitely
generated  ideal  of  f(A) + J.
(c) Assume  that  M2 = 0.  Then  the  following  are
equivalent:
(i) A   fJ  is  a  ﬁnite  conductor  ring.
(ii) A  is  a  ﬁnite  conductor  ring,  and  J is  a
ﬁnitely generated  ideal  of  f(A) + J.
(iii) M  and  J are  ﬁnitely  generated  ideals  of  A
and f(A) + J respectively.
Corollary  2.10.  Let  (A, M) be  a local  domain,  I  and  J
be two  proper  ideals  of  A, B  : = A/I,  and  let  f : A  →  B  be
the canonical  homomorphism  (f  (x) =  x).
(1) If  Af J  is  a ﬁnite  conductor  ring,  then  so  is  A.
(2) Assume  that  JM  =  0.  Then  Af J  is  a  ﬁnite  con-
ductor  ring  if  and  only  if  A  is  a  ﬁnite  conductor  ring
and M  and  J are  ﬁnitely  generated  ideals  of  A.
The next Corollary examines the case of the amal-
gamated duplication.niversity for Science 9 (2015) 332–339
Corollary  2.11.  Let  (A, M) be  a  local  ring  and  I  be  a
proper ideal  of  A.
(1) If  A    I is  a  ﬁnite  conductor  ring,  then  so  is  A.
(2) Assume  that  IM  = 0. Then:
(a) The  following  are  equivalent:
(i) A   I  is  a ﬁnite  conductor  ring.
(ii) A is  a ﬁnite  conductor  ring,  I  and  M  and
Ma ∩  Mb  are  ﬁnitely  generated  ideals  of  A
for all  a, b ∈  M.
(iii) I  and  M  and  (0 : a) and  Ma  ∩  Mb  are  ﬁnitely
generated  ideals  of  A  for  all  a, b  ∈  M.
(b) Assume  that  M  is  a  principal  ideal  of  A.  Then
the following  are  equivalent:
(i) A    I is  a  ﬁnite  conductor  ring.
(ii) A  is  a ﬁnite  conductor  ring,  and  I  is  a ﬁnitely
generated  ideal  of  A.
(3) Assume  that  M2 = 0.  Then  the  following  are  equiva-
lent:
(a) A   I  is  a ﬁnite  conductor  ring.
(b) A is a  ﬁnite  conductor  ring,  and  I  is  a  ﬁnitely
generated  ideal  of  A.
(c) I and  M  are  ﬁnitely  generated  ideals  of  A.
Theorem 2.1 enriches the literature with examples of
non-coherent finite conductor rings.
Example 2.12.  Let (A, M) be a local non-coherent finite
conductor ring such that M  : = Am  is a principal ideal of
A, where m  ∈  M, and set I : = (0 : m). Then by Corollary
2.11 (2) (b), A    I  is a finite conductor ring. Since A
is non-coherent ring, then A    I  is a non-coherent finite
conductor ring.
Example  2.13.  Let (A, M) be a non-coherent finite
conductor ring such that M  is a principal ideal of A,
B : = A/M2, J : = M/M2 be an ideal of B, and consider
the canonical ring homomorphism f  : A  →  B  (f  (x) =  x).
Then by Corollary 2.9 (2) (b), A   fJ  is a finite conductor
ring, and by [10, Theorem 2.2], A   fJ  is non-coherent
ring.
Example  2.14.  Let (A, M) be a non-coherent finite
conductor ring such that M  is a principal ideal of A, E
be an A/M−  vector space. Let B  : = A  ∝  E  be the trivial
ring extension of A by E, J  : =0 ∝  Ae, where e /=  0 ∈ E,
and consider the homomorphism f : A →  B (f(a) = (a, 0)).
Then by Corollary 2.9 (2) (b), A   fJ  is a finite conductor
ring, and by [10, Theorem 2.2], A   fJ  is non-coherent
ring.
Example  2.15.  Let (A, M) be a finite conductor domain
such that M is a finitely generated ideal of A, I be an ideal
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f A  such that B  : = A/I  is non-coherent ring. Let J be a
nitely generated ideal of A  such that MJ  ⊆  I, and let
 : A  →  B  be the canonical homomorphism (f  (x) =  x).
hen by Corollary 2.10, Af J  is a finite conductor ring,
nd by [10, Corollary 2.9], Af J is non-coherent ring
ince B  is non-coherent ring.
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